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Abstract 

We study the existence and nonexistence of positive (super-) solutions to a singular semi- 
linear elliptic equation 

-V ■ (\x\ A Vu) - B\x\ A - 2 u = C\x\ A - a vF 

in cone-like domains of 1* (N > 2), for the full range of parameters A,B,a,p S K and 
C > 0. We provide a complete characterization of the set of (p, a) £ M 2 such that the 
equation has no positive (super-) solutions, depending on the values of A, B and the principle 
Dirichlet eigenvalue of the cross-section of the cone. 

The proofs are based on the explicit construction of appropriate barriers and involve 
the analysis of asymptotic behavior of super-harmonic functions associated to the Laplace 
operator with critical potentials, Phragmen-Lindelof type comparison arguments and an 
improved version of Hardy's inequality in cone-like domains. 
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1 Introduction and main results 

We study the existence and nonexistence of positive (super) solutions to the singular semilinear 
elliptic equation with critical potential 

(1.1) -V- {\x\ A Vu) -B\x\ A ~ 2 u = C\x\ A ~ a u p inC£. 

Here A, B G R, C > and (p,a) G R 2 . By C£ C R N (N > 2) we denote the cone-like domain 
defined by 

C p n = {{r,uj) eR N :ujen,r>p}, 

where p > 0, (r, u) are the polar coordinates in R" and f2 C S N ~ 1 is a subdomain (connected 
open subset) of the unit sphere S N ~ l in R N . Note that we do not prescribe any boundary 
conditions in (|l.lj) . A nonegative super- solution to 1)1-1)) in a domain G C R^ is an < u G 
H} oc (G) such that 

(1.2) / Vu- V^x^cfa-S / ti(/?|x| A - 2 dx >cf u p ip \x\ A ~ a dx 
Jg Jg Jg 

for all < tp G H^iG) n L£°(G). The notions of a nonnegative sub-solution and solution 
are defined similarly by replacing ">" with "<" and "=" respectively. By the weak Harnack 
inequality for super-solutions any nontrivial nonnegative super-solution u to (jl,l[) in G is strictly 
positive in G, in the sense that u^ 1 G L^ C (G). 

Equation (jl.lj) comprising in particular the known in astrophysics Lane-Emdem equation, 
is a prototype model for general semilinear equations. The qualitative theory of equations of 
type (|1.1[) has been extensively studied because of their rich mathematical structure and various 
applications for the whole range of the parameter p G R, e.g. in combustion theory (p > 1) 
population dynamics (0 < p < 1) [SOI) pseudoplastic fluids (p < 0) j^HTj. It has been 
known at least since earlier works by Serrin (cf. the references in |37j ) and celebrated paper 
by Gidas and Spruck ^S] that equations of type (jl.lj) on unbounded domains admit positive 
(super) solutions only for specific values of (p, a) G R 2 . For instance, it is well known by now 
that the equation 

(1.3) -Au = u p 

in exterior of a ball in R^ (N > 3) has no positive super-solutions if p < jrz^ ■ The critical 
exponent p* = -J^ is sharp in the sense that it separates the zones of the existence and 
nonexistence, i.e. for p > p* (|1.1|) has positive solutions outside a ball. This result has been 
extended in several directions (see, e.g. |S1 13 El CHI HH H21 HE1 E21 E3J EHl EZl EE1 SOI SH , 
references therein, and the list is by no means complete). In particular, in it was shown that 
the critical exponent p* = -J^zo is stable with respect to the change of the Laplacian by a second- 
order uniformly elliptic divergence type operator with measurable coefficients — ^ di(aijdj), 
perturbed by a potential, for a sufficiently wide class of potentials. For instance, for e > the 
equation 

(1.4) -Au - j-^ T - e u = u p 

in the exterior of a ball in R^ (N > 3) has the same critical exponent as 1)1.3(1 |22( Theorem 
1.2]. On the other hand it is easy to see that if e < and B > then ((1.4(1 has no positive 
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super-solutions for any while if e < and B < then Q1.4JI admits positive solutions 

for all p £ R (p / 1). In the borderline case e = the critical exponent p* becomes explicitly 
dependent on the parameter B. This phenomenon and its relation with Hardy type inequalities 
has been recently observed on a ball and/or exterior domains in 1161 138] in the case p > 1. 
The equation with first order term 

A T 

(1.5) -Au- j^Vu = u p 

in the exterior of a ball in K w (N > 3) represents another type of behavior. If e > then (|1.5|) 
has the same critical exponent p* = as P-3|) . and p* is stable with respect to the change of 
the Laplacian by a second-order uniformly elliptic divergence type operator |24| Theorem 1.8]. 
On the other hand it is easy to see that if e < and A > then ()1.5|) has no positive super- 
solutions if and only if p < 1, while if e < and A < then (jl,5j) has no positive super-solutions 
if and only if p > 1. In the borderline case e = the critical exponent p* explicitly depends on 
the parameter A (see [HUISE] for the case p > 1). 

When considered on cone-like domains, the nonexistence zone depends in addition on the 
principal Dirichlet eigenvalue of the cross-section of the cone. In the super-linear case p > 1 the 
equation 

(1.6) -Au = u p in 

has been considered in jHUHllZl (see also ^0] for systems and for uniformly elliptic equations 
with measurable coefficients) . A new nonexistence phenomenon for the sublinear case p < 1 has 
been recently revealed in |2H]. Particularly, it was discovered that equation 1)1.6(1 in a proper 
cone-like domain has two critical exponents, the second one appearing in the sublinear case, so 
that (jl.6|) has no positive super-solutions if and only if p* < p < p*, where p* < 1 and p* > 1. 
In |25| for p > 1 it was shown that if the Laplacian is replaced by a second-order uniformly 
elliptic divergence type operator — ^2di(ciijdj) then the value of the critical exponents on the 
cone depends on the coefficients of the matrix (a,ij(x)) as well as on the geometry of the cross- 
section. 

In the present paper we study equation (|1.1[) ° n cone-like domains for the full range of the 
parameters p,a,A,B. Note that (jl.lj) can be rewritten in the form 

— An — - — rrVu — -. — tttU = -. — 7-u p in Co, 

so it represents the borderline case both with respect to the zero order and the first order 
perturbations in the linear part. As we will see below, due to the presence of the weighted 
function and lower order terms equation (jl.lj) exhibits all the cases of qualitative behavior 
described above for the Laplacian. Our approach to the problem in this paper is the development 
of the method introduced in [22] (see also [22j [23 E3 EHj ) and is different from the techniques 
used in [51 [71 El EEH El [Ml E3 • It is based on the explicit construction of appropriate barriers 
and involves the analysis of asymptotic behavior of super-harmonic functions associated to 
the Laplace operator with critical potentials, Phragmen-Lindelof type comparison arguments 
and an improved version of Hardy's inequality in cone-like domains. The advantages of our 
approach are its transparency and flexibility. Particularly we prove the nonexistence results for 
the most general definition of weak solutions and avoid any assumptions on the smoothness of 
the boundary of the cone. 

Below we denote Cjj := ( 2 ~ N ~ A "> ; while Ai = Ai(O) > denotes the principal Dirichlet 
eigenvalue of the Laplace-Beltrami operator — A w on S7. First, we formulate the result in the 
special linear case. 
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Theorem 1.1. Let (p,a) = (1,2). Then equation (|1.1|) has no positive super- solutions if and 
only if B + C > C H + Ai . 

If B < Ch + Ai then the quadratic equation 

(1.7) 7(7 + ^-2 + ^) = X 1 -B 

has real roots, denoted by 7" < 7+. Note that if B = C H + Ai, then 7 ± = (2 - N - A)/2. 
For B < Ch + Ai we introduce the critical line A*(p, A, B, Q) on the (p, c)-plane 

A,{p,A,B,n) :=min{ 7 -(p-l) + 2, 7 +(p-l) + 2} (pel), 

and the nonexistence set 

= {(p,a) £K 2 \ {1,2} : equation (|l.ljl /ias no positive super- solutions} . 

The main result of the paper reads as follows. 

Theorem 1.2. The following assertions are valid. 

(i) Let B < C H + Xi- Then M = {a < A*(p)}. 
(m) lei £ = C# + Ai. T/ten 

{<r < A*(p)} U {cr = A*(p), p > -1} C N C {o- < A*(p)}. 
// = S^ 1 t/ien AA = {a < A*(p)} U {cr = A*(p), p > -1}. 

Remark 1.3. (i) Observe that the nonexistence set N does not depend on the value of the 
parameter C > in (|l.ljl . In view of the scaling invariance of (|l-ljl the set AA also does not 
depend on the value of p > 0. 

(u) Using sub and super-solutions techniques one can show that if Ijl.lj) has a positive super- 
solution in Cq then it has a positive solution in Cq (cf. |251 Proposition 1.1]). Thus for any 
(p, a) G R 2 \ jV equation (jl.ljl admits positive solutions. 

(Hi) In the case of proper domains Q <g S"^" 1 , the existence (or nonexistence) of positive super- 
solutions to (J2.1|) with p < — 1 and s = a*(p— 1) + 2 becomes a more involved issue that remains 
open at the moment. We will return to this problem elsewhere. 

Remark 1.4. Figure^shows the qualitative pictures of the set J\f for typical values of j~, 7 + . 
The case (a) is typical for A, B = 0. The case (6) occurs, e.g., when A, B = and N = 2. The 
cases (c) and (d) appear, in particular, when A = (B < Ch and B = Ch respectively). The 
cases (e) and (/) are never realized by (jl.ljl with A = 0. Assume, for instance, that B = 0, 
Ai = and a = 0. Then (jl.lj) admits at most one critical exponent p* which, depending whether 
A^ + j4>2orA^ + j4<2, appears in the superlinear case (p > 1) or sublinear case (p < 1). In 
the former case there are no positive super-solutions if and only if p < p*, whereas in the latter 
if and only if p* < p. Thus N -\- A plays a role of the "effective dimension". Similar behavior 
is exhibited by second-order elliptic nondivergent type equations with measurable coefficients 
— ^2o,ijdfjU = u p in the exterior of a ball in W N , which were recently studied in |23| . The 
value of the critical exponent for such equations depends on the behavior of the matrix (ciy(x)) 
at infinity, though not directly but via an "effective dimension" which is determined by the 
asymptotic of (a,ij(x)). 
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Figure 1: The nonexistence set M of equation for typical values of 7 and 7 



Applying the Kelvin transformation y = y(x) = one sees that if u is a positive (su- 
per) solution to equation then u(y) = \y\ 2 ~ N u(x(y)) is a positive (super) solution to the 
equation 

(1.8) -V ■{\x\ A Vu)-B\x\ A - 2 u = C\x\ A - s u p in dft, 

where s = (N + 2) - p(JV - 2) - cr and := {(r,w) G : w G fi, < r < 1} is the interior 
cone-like domain. For equation Q1.8JI we define the critical line 

A*(p,A,B,fl) :=max{ 7 -(p-l) + 2, 7 +(p-l) + 2} (p G R), 

and the set N = {(p, s) G M 2 \ {1,2} : (|1.8[l has no positive super- solutions}. The following 
theorem extends the results in jHHl EEU EE! (-A = 0) and [HHl El] (-B = 0), obtained on the 
punctured ball in the super-linear case p > 1. It is derived from Theorem 11.21 via the Kelvin 
transformation. 

Theorem 1.5. The following assertions are valid. 

(i) Let B < C H + A x . ITien = {s > A*(p)}. 

(ii) Let B = Ch + Then 

{s > A*(p)} U{s = A*(p), p > -1} C AA C {s > A*(p)}. 

If n = S^ 1 then N = {s> A*(p)} U {s = A*(p), p > -1} 

Theorem 11.21 is proved in the paper after a reduction of (|l.lj) to the uniformly elliptic case 
A = 0. This reduction is described in Section 2 below. The rest of the paper is organized as 
follows. In Section 3 we prove a version of the improved Hardy inequality in cone-like domains. 
In Section 4 we study asymptotical behavior of super-solutions to certain linear equations. The 
proof of the main result is contained in Section 5 (super-linear case p > 1) and Section 6 (sub- 
linear case p < 1). Finally, Appendix includes auxiliary results on the relation between the 
existence of positive solutions to linear equations and positivity properties of the corresponding 
quadratic forms. 



2 Equivalent statement of the problem 

The next lemma shows that a simple transformation allows one to reduce equation (|l,lj) to the 
uniformly elliptic case A = 0. 

Lemma 2.1. The function u is a (super) solutions to equation (|l.lj) if and only if w(x) = 
\x\*u(x) is a (super) solution to the equation 

(2.1) _a«, - JL W = A^p mC P, 

where \x = B - 4(4 + n _ 2) and s = a + 4(p - 1)- 

Proof. The direct computation. □ 
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The existence of positive solutions to (|2.1j) is intimately related to an associated Hardy type 
inequality for exterior cone-like domains, which has the form 

(2.2) \Vu\ 2 dx > (C H + Ai) ^dx, G C C °°(C£), 

where Cjj '■= ^ N ~^ and the constant Ch + Ai is sharp. We prove a refined version of (|2.2j) in 
Section [3J By virtue of Lemma IA.9I in Appendix, inequality 1)2.2(1 implies that equation (|2.1j) 
has positive super-solutions if and only if fj, < Ch + Ai, see Remark \'A.'A\ below. Theorem II. II is 
an immediate consequence of this result. 

If fj, < Ch + Ai then the quadratic equation 

(2.3) a(a + N - 2) = Ai - fi. 

has real roots, denoted by a" < a + . If \i = Ch + Ai then a ± = ^p-. In this case we write 
a* := f° r convenience. As before, we introduce the critical line 

A = A(p,ft,n) := min{ aT (p - 1) +2, a + (p-l) + 2} (pel), 

and the nonexistence set 

M = {(p, s) G IR 2 \ {1, 2} : equation (|2.1|) has no positive super-solutions} . 

Theorem 11.21 is a direct consequence of the next result. 

Theorem 2.2. The following assertions are valid: 

(i) Let fi<C H + Xi Then M = {a < A(p)}. 
(ii) Let = Ch + Ai. T/ien 

{cr < A(p)} U {cr = A(p), p > -1} C C {a < A(p)}. 
// = S^- 1 toen AA = {ct < A(p)} U {a = A(p), p > -1}. 
Observe that in view of the scaling invariance of (|2.1j) if w(x) is a solution to (|2.1j) in Cq then 

2 — a _____ / 

TP- 1 w(ry) is a solution to (|2.1jl in , for any r > 0. So in what follows, for p 7^ 1, we confine 
ourselves to the study of solutions to (|2.1|) on Cq. For the same reason, for p 7^ 1 we may assume 
that C = 1, when convenient. In the remaining part of the paper we prove Theorem 12.21 



3 Improved Hardy inequality on cone— like domains 

Here and thereafter, for < p < R < +00, we denote 

C { n P ' R) := {(r,u) G R N : u G fi, r G C£ := C^ +oo) , = C°, 

where f2 C S^ -1 is a subdomain of S 1 ^ -1 = {x G M w : |x| = 1}. We write Q' G= $7 if 17' is a 
smooth proper subdomain of f2 such that 17' 7^ 0, and cZ 0' C 0. By c, ci, . . . we denote various 
positive constants exact values of which are irrelevant. For two positive functions (pi and if2 we 
write tpi x if2 if there exist a constant c > 1 such that c~ 1 ipi < if2 < e</?i. 
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Consider the linear equation 

(3.1) - Av -^v = in Cg, 

-fjV-l 



where C S^" 1 (JV > 2) is a domain, V G L°°(ft) and p > 1. Recall that in the polar 

"R 5 



coordinates (r, w) the operator —A — has the form 



92 N-l d 1 r A 

where A^ denotes the Dirichlet Laplace-Beltrami operator on $7. In what follows, \\y denotes 
the principal eigenvalue of the operator -A w — V on Q. 

The existence of positive solutions to 1)3.1)1 is equivalent to the positivity of the quadratic 
form 

£v(v,v):=[ \w\ 2 -^v 2 dx (v G ( c n) n L ?i c n))> 

that corresponds to 1|) . see or Lemma |A. 91 in Appendix. Below we establish an improved 
Hardy-type inequality on cone-like domains, which is appropriate for our purposes. Similar 
inequalities were obtain recently on the ball and exterior domains in ^ El • 

Theorem 3.1. The following inequality holds: 

(3.2) S v (v,v) > (Cn + Ay.i) / ^dx + -! l2 f 2l dx, V.e^^n^ta 

Jc p n \ x \ 4 Jc p n l^r lo g M 

where Ch '■= ( jV 2 ~ 2 ) 2 . The constants C^r+Ayi an d \ are optimal in the sense that the inequality 

r v 2 r v 2 

(3.3) £ v {v,v)>p dx + e — ^—dx, V v G n L°°(C&, 

Jc p a \ x \ Jc p n log \x\ 

fails in any of the following two cases: 
i) li = Ch + Ay^ and e > 1/4, 
ii) fj, > Ch + Ayi and Ve G R. 

Proof. Let (f>#(r,u) = r a * logs (r)0yi(u;), where ^y > is the eigenfunction of — A w — V, that 
corresponds to A^y. A direct computation shows that 4>* G H} oc {Cq) solves the equation 



(3.4) -Au — r-pr^ r~P5 — u ~ T-^r, — tt^ v = m c o- 

"' |x| 2 log 2 |x| 



Thus the validity of 1)3.2)1 follows from Lemma lA.91 

Now we verify the optimality of constants in 1)3.2(1 . Fix p > 1 and let R^> p. Similarly to 
P , define a Lipschitz cut-off function 



(3-5) e p<R (r) := { 



for r < p and r > R 2 , 
r — p for p < r < p + 1, 

1 for p + 1 < r < i?, 
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(i) We show that ()3.3|) with \i = Ch + Ayi and e > 1/4 fails on functions (j>*9 P: ji G H^(Cq) n 
L°°(C^). By Lemma I A . 91 direct computations give 



V(o,) 



|^WI 2 ^-(Ch + Ai) / 



Ml* 



C? \x\ 2 log |x 



■dx 









I 


-( 




In 




0* J 



^ do; r* _1 dr 



ft 2 
< ci + 

<C 2 - 



P, 



£ "4 



£ "4 



i? 2 ft 2 „f r ) 



n r 2 log 2 (r) 



V6» Pjfi (r)| rlog(r)dr 

fl rlog 2 (i?) V 4;j p+1 rlogr 
e — - J loglog(-R) — * — oo as R —* oo. 



r log(r) 



Observe that the result does not depend on the initial choice of p > 1. 

(££) Choosing <p*{p,uj) = r a *^v,i(o;), one can verify that (|3.3|) with > Ch + Ay,i and any 
eel fails on functions 9p,Rcf>* G H^(C^) n £°°(C£) for large i? > p. We omit the details. □ 



Optimality of Improved Hardy Inequality (|3.2|) , via Corollary IA.101 implies the following 
nonexistence result, which is one of the main tools in our proofs of nonexistence of positive 
solutions to semilinear equation (|2.1|) . 

Corollary 3.2. Equation (|3,lj) has a positive super- solution if and only if Ch + Ay.i > 0. 

Remark 3.3. In particular, if V(u) = fj, then equation (j3.1j) has a positive super-solution if and 
only if fj, < Ch + Ai. 



4 Asymptotics of positive super-solutions to -Av - = 

| a; I 

According to Lemma f3.21 equation (|3.1|) admits positive super-solutions if and only if Cff+Av;i > 
0. In this section, by constructing appropriate comparison functions, we obtain sharp two-sided 
bounds on the growth at infinity of super-solutions to (j3,lj) . 

Throughout this section (Xv,k)keN denotes the sequence of Dirichlet eigenvalues of the op- 
erator — A w - V in L 2 (0), 

Ay,i < Ay,2 < • • • < \y,k < 

By (<?V,fc)*:6N we denote the corresponding orthonormal basis of eigenfunctions in L 2 (Q), with 
the positive principal eigenfunction <f>y\ > 0. If V = and there is no ambiguity we simply 
write Afc and 

Let tp 6 L 2 (fT). Then 

oo „ 

(4.1) V = y2^k(l>V,k, where ipk = ^(f>v,kdu;, 

k=i Jn 

and the series converges in L 2 (J7) with \\ip\\ 2 L 2 = YlkLl ^» m addition, ifi G i?o(^) then (|4.1j) 
converges in //"^(Q) with || V^H^ ~ SfcLi Ay,fc^ 2 - I n what follows we use the following simple 
observation. 
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Lemma 4.1. Let tp G C^°(Q). Then the Fourier series 1)4.1)) converges in L°°(Q). 



JV-l 



Proof. Observe that H^Hl 00 < cX v A k , by the standard elliptic estimates of eigenfunctions of 
the Dirichlet Laplace-Beltrami operator — A u — V on Q C S N_1 , see, e.g. |131 p. 172]. Choose 
b > {N- l)/2 and a = (N - l)/4 - 6. Then 

oo oo jv— i / oo \ / oo \ 1/2 

E WI<M < c£ iVfclA^t < c £ A^ fe £ l^| 2 A 2 y b fc < oo. 

k=l k=l \k=l / \k=l / 

2 

Here the first series converges due to the classical spectral asymptotics \y,k ~ k N - 1 . The 
second series series converges by a standard spectral argument, taking into account that ifi G 
n mG N-D((— A w ) m ), where D((— A^)" 1 ) is the domain of the m-the power of the Dirichlet Laplace- 
Beltrami operator — A w on $7. □ 
If Ch + Ai > then the roots of the quadratic equation 

(4.2) a(a + N - 2) = \ VM 

are real, for each k G N. Denote these roots by a^ fc < a^. If C# + Ay,i = and k = 1 then 
(|4,2j) has the unique root, denoted by a* := ay 1 = 2 -y^. 

For a positive function u G -H/ oc (Cfj) and a subdomain 0' C 0, denote 
m u (R, ft'):= inf ii, M U (R, ft') := sup u. 

Our main result in this section reads as follows. 

Theorem 4.2. Let u G H1 oc (Cq) be a positive super- solution to (|3,1|) , T/ien /or ei>en/ proper 
subdomain 0,' (s and i? 1 i/ie following hold: 

(i) if Ch + Ay,i > £/ien 

(4.3) cifi a ^i < m u (#, O') < c 2 R a v.i, 

(ii) if Ch + Xv,i = then 

(4.4) Cl R a * < m u (R, Q') < c 2 R a * log(R). 

Remark 4.3. The above estimates are sharp, as one sees comparing with the explicit solutions 
r ^ 1 ^! in the case (i) and r Q *c/>y,i and r Q * log(r)^v r i i in the case {ii). 

Remark 4.4. Equation 1)3.1)1 is invariant with respect to scaling. Namely, if v(x) is a (su- 
per) solution to (|3.1|) in Cq, then v(tx) is a solution to (|3.1|) in C^ p , for any r > 0. Therefore, 
in what follows we may consider 1)3.1 J) in with a conveniently fixed radius p > 1. 

Remark 4.5. The scaling invariance implies that positive (super) solutions to ()3.1)) satisfy the 
Harnack inequalities with r -independent constants. More precisely, if u > is a super-solution 
to 1)3.1)1 then the weak Harnack inequality reads as 

(4.5) f udx <C w R N m u {R,n'), 

JL n' 

where C w = C W (Q') > does not depend on R ^> 1. Similarly, if u > is a solution to ()3.1)) 
then by the strong Harnack inequality 

(4.6) M u (R,tt') <C s m u (R,n'), 
where C s = C S (W) > is independent of R 3> 1. 
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In the remaining part of the section we prove Theorem 14.21 Our proof relies on the Com- 
parison Principle in the extended Dirichlet spaces associated to (jH.lj) (see Appendix El • The 
cases (£) and (ii) are considered separately. 



4.1 Case C H + Xv,i > 

The above condition is assumed throughout this subsection. In this case Hardy Inequality 
()3.2|) implies that the form £y satisfies A-property (|A.5|) with A(cc) = — n^pr~^ ■ Hence the 
extended Dirichlet space T>(£v,Cq) is well-defined (see Appendix^]) and the Comparison Prin- 
ciple (Lemma IA.8|) is valid. Moreover, (|3.2j) implies that 

V(£ v ,C 2 n ) = Dl(C 2 n ), 

where Dq(Cq) is the usual homogeneous Sobolev space, defined as the completion of C£°(Cq) 
with respect to the Dirichlet norm ||Vu||^2. 

Lower estimate. Fix a smooth proper subdomain f2' <s= f2 and a function < ip G C£°(f2'). 
For (r, w) G and fe G N set 



r\ a v,k 



(4.7) v k (r,u) :=rj k (r)(l> Vik (u;), where ry fe (r) := (~J 
Define the comparison function by 

oo 

(4.8) := y^^^fc, 

fc=l 

where ■i/'fc are the Fourier coefficients of t/j as in (|4.1j) . Thus ty,(2,ti;) = ip(uj). A direct compu- 
tation verifies that ty, G H1 oc (Cq) is a solution to (|3,1|) in C^. 

Lemma 4.6. Zei 0<u£ Hf^C^) be a super- solution to 1)3.1 Jl in C^. T/ien 

Proof. Choose a function 6>(r) G C°' 1 [2, +oo) such that < 6>(r) < 1, 6(2) = 1 and 6>(r) = for 
r > 3. Set v k ■= v k — 64>v,k- By direct computations, 

(4.9) £ v (v k ,v k ) < ciWv,k\ + c 2 and £v(«jfc,Vi) = for / / /c. 
Then it is straightforward that Vk G Dq(Cq). Consider the function 

oo 

v-4, := ^tpkVk- 

k=l 

By (|4.9j) and taking into account that \a k \ X we obtain 

oo / oo \ 1/2 / oo \ 1/2 

fc=l \fc=l / \/c=l / fc=l 

= callV^II^II^II^ +C2Wia. 
Hence = — 9ij) G Dq(Cq). 
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Now observe that by the weak Harnack inequality Q4.5J) there exists 5 > such that 

u > 5 in Cq 2 ,' 3 \ 
Fix c > such that cif) < 5 in O'. Thus u > c^V m Cq. Represent 

u — eu^, = (u — cipO) — cv^, 

where v$ G Dq(Cq) and notice that u — v ^ is a super-solution to By Lemma [A. 81 we 

conclude that u — ctp9 > cv^, that is u > etu in C^. □ 

Lemma 4.7. m Vx)l (R, £1') x R a i as R —> oo. 

Proof. Choosing u = r v,1 <^>i as a (super) solution in Lemma 14.61 we immediately conclude that 

0') < cfl ^ 1 for > 2. 

To obtain the reverse inequality, note that ty, as ty, = ^>i«i + itty. Then by Lemma [4.11 we 
obtain the uniform bound 

oo 

(4.10) \w f (r,ij)\ <m(r)jT\il> k \\<f> k (u)\ <cr a w. 

k=2 

Note that <f>yi > S in CI', for some 6 > 0. We conclude that 

(O 7 , fl) > c 2j R a ^ - c 3 iT^ for i? > 4. 
This completes the proof, since a V2 < a vl < 0. □ 
Combining Lemmas 14.61 and 14.71 we obtain the lower bound in Q4.HJI . 

Upper estimate. Fix a subdomain Q' C Q, and a function < tp G C£°(Q'). Let 7? > 4. For 

(r, w) G c£' fl) and k G N define 

I v,fc T* V,k 

(4.11) v k ,R{r,oj) := r] kjR (r)^ Vik (oj), where T7fc,jj(r) := < — — 



R"v,» - R L 



V.k 



Let 9 : [0, 1] -> M be a smooth function such that < (9 < 1, 0(1) = 1 and 0(f) = for 
f G [0, 1/2]. For r G [J2/2,i?] set 9 R (r) := 9{r/R). A direct computation verifies that u^j? is a 
solution to the problem 

(4.12) (-A - v = 0, v- 9 R 4> v , k G H^cg' R) ). 

Let 

oo 

V$,R ■= ^ V>fc Vk,R 
k=l 

where if) k are the Fourier coefficients of if) as in (|4.1|) . Thus u^ij G Hl oc {Cl{ R ) is a solution to 
(gmj) and v^ R (R,u) = ip(uj). 
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(2 3) 

Fix a compact Kq <Z Cq . Define the comparison function v^ s r by 

Vip,R '— 



inf Ko v^r 

Then inf^- r = 1. Note that the construction of v^r depends only on the choice of Kq, tp 
and R. The following lemma is a weak version of the Phragmen-Lindelof comparison principle 
adopted to our framework. 

Lemma 4.8. Let < u £ H^Cq) be a super- solution to (j.S.lj) in Cq. Then 

m u (R, O') < cM^ R {R, n'), R>4. 

Proof. Set Sr := inf^ r. For a contradiction assume that for any c > there exists R > 4 
such that 

. ~ C . p {R/2,R) 

u>cv^r = —v^r m CX/ ; . 

OR 

Let > be the unique solution to the problem 

-Av rp-o = 0, v - 9 R ip e H (C y n ,' '). 

Then clearly 

-A - -Tyf) ( v f,R ~ Vr) = m Q/ ; . 

Observe that ity^ > in Cq \ Cq R ,R \ Hence (v^ ; r — tp R )~ G Dq{C R { 2,R ). By Lemma [A, 41 
we conclude that 

vy.fl ^ ^« in C n R/2 ' R) • 
Let 0r denote the function tpR, extended to Cq by zero. Therefore 



(, - ^) _ (- A - ((„ - JLfc) - £ (fw - fr^ - n ... ,<'•*> 



Then Lemma IA.8I implies that 



u > cv^^r m C n . 



Since c > is arbitrary, we conclude that inf^ u = +oo. Hence, by weak Harnack inequality 
(|4.5|) . it = +oo in Cq, which is a contradiction. □ 

Lemma 4.9. Ma^ R (R,n') x iT^ 1 as R^ oo. 

Proof. Choosing u := r av ^(j)i as a (super) solution in Lemma IP1 we conclude that 

Now we estimate My, R (R,£1') from above. 

First, observe that Lemma lA.81 Lemma l4.1l and the arguments, similar to those in Lemma 
14.61 imply the upper bound 

(1 R) 

v^,R(r,uj) < crjx t R(r)(j)v,i(ui) in C^' ', 
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where c > is chosen so that ip < c4>v,i in ^- Clearly, if Oy 1 > then rji tR (r) < 1. However, 
if ajj < then r)i tR (r) attains its maximum at r* G (1,-R) with J7i,^(r*) — ► oo as i? — > oo. 
Nevertheless, one can readily verify that 

max R (r) < max{l, 2~ ay < 1 }, R^>1, 

re[R/2,R] 

Therefore 

M Vi>iR (n,R) < ci, J R»1. 
To estimate inf^- t^i? from below, note that 

oo 

v$,r = ipiVi,R + w^r , where uty )fl = ^ Vfc u fc,il • 

fc=2 

Then by Lemma 14. II similarly to Q4.1UJI we obtain 

oo 

snp\w^ R \ < max rj k (r)y^ \ip k \\4> Vk (uj)\ < — T — . 

K re(2,3) ^ tf*h-tf*v,i 

We conclude that 

inf vjj & > Mipxvi R (r) - swp\wj, R \ > — + +■ 

This completes the proof since dy 2 > cty 1 . □ 
Combining Lemmas 14.81 and 14.91 we obtain the upper bound in (|4.3j) . 



4.2 Case C H + X VA = 

The above condition is assumed throughout this subsection. Let p > 1. Then Hardy's Inequality 
()3.2|) implies that the form £y satisfies the A-property (|A.5|) with X(x) = . Hence the 

extended Dirichlet space V(£v,C^) is well-defined (see Appendix 0), and in particular, the 
Comparison Principle (Lemma IA.8J) is valid. We denote 

55(Cg) :=©(fv,Cg). 

The space 

£>o( c n) is lar g er then D o( c n) ( cf - HUES])- In order to see this, for (3 G [0, 1] consider 



(4.13) 



vp(r,u) := r a * log 13 (r)4> VA (uj). 



Clearly, ^ G CJ£(Cg) but £ 2 (C£> Let 0(r) G C^^^+oo) be such that < 0(r) < 1, 
9(p) = 1 and 6{r) = for r > p + 1. 

,1 G ^o( c n) /° r eac/i Z 3 e [°i V 2 )- 



Lemma 4.10. vp - 

Proof. Define the cut-off function 9 R {r) G C C 0,1 (C^) by 



9 R (r) 



1, 

log(fl 2 /r) 
log-R 

0, 



1 < r < R, 
, R<r< R 2 , 
r > R 2 . 
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Let wr := Or(v/3 — 0<t>v,i)- According to Lemma [A. 91 one can represent Sv(vr) as 

2 

./<> \ v 



£ v (w R ,w R ) 



VQdwr N x dr 



V (log? (r)6 R (r)) rdr < Cl + c 2 \og W ~ 1 {R) < c 



Hence Sv(wR n ,WR n ) is a Cauchy sequence, for an appropriate choice of R n — > oo. Since 
(wR n ) C Czo'c(C^) converges pointwise to the function vp, the assertion follows. □ 

Now we are in a position to prove (|4.4jl . 

Lower estimate. As before, fix a proper smooth subdomain Sl'gl! and a function < ^ G 
C™(n r ). For (r,o/) G C n and k G N set 

v*(r, w) := c*r a *</v,i(^), 



where c* > chosen so that ?;*(2,u;) = <j)y^{uj). Clearly v* G H1 oc (Cq) is a solution to in 
Define the comparison function by 

oo 

(4.14) v^, := ipxv* + V'fcVfc, 



fc=2 



where are the Fourier coefficients of ^ as in IJ4.1|) and Vk with k > 2 are defined by (|4.7jl . 
Thus u,/,(2, u) = ip(uj)- Observe that for k > 2 the functions Vf. are solutions to ()3.1I) in Cq. 
Hence u^, G H^ oc (Cq) is a solution to (|H.1|) in Cq. 

Lemma 4.11. Let < u G #/ oc (Cq) &e a super- solution to p. II) in Cq- T/ien 

Proof. Similar to the proof of Lemma 14.61 □ 
Lemma 4.12. m v O') x i? Q * as i? — > oo. 

Proof. Similar to the proof of Lemma 14.71 □ 
Combining Lemmas 14 . 1 1 1 and 14 . 1 21 we obtain the lower bound in (|4.4|) . 

Upper estimate. Fix a subdomain Q' C and a function < ^ G C£°(f2'). Let > 4. For 
(r,w) G C Q 1,R) and fc G N define 

log(r) / r \ a * 

(4.15) u* ijR (r,u;) := r}*,R(r)</)v,i(w), where ^(r) := ^ (^— j . 

Let : [0, 1] -> R be a smooth function such that < 9 < 1, 0(1) = 1 and 0(f) = for 
f G [0, 1/2]. For r G [JF2/2, JR] set 9r{t) := 9(r/R). A direct computation verifies that v* t R and 
Vk,R (k > 2), defined by (|4.7f) are solutions to the problems 

(4.16) (-A - ^\ v = 0, v- 9 R ^ v>k G Hticg'V). 
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Let 

oo 

V^,R •■= i>l V* )R + ^2lpk Vk,R 
k=2 

where are the Fourier coefficients of tp as in ()4,lj) . Thus v^^r G Hi oc (C n ' ) is a solution to 
(|1~TK|) and v^(R,lo) = i{j(uj). 

(2 3) 

Fix a compact -K"o C C n ' . Define the comparison function v^ t R by 

: = ^-f ■ 

mf Ko v^ R 

Lemma 4.13. Let < u £ H^Jfi^) be a super- solution to (jH.lj) in Cq. Then 

m u (R, n') < cM^ R (R, n'), R>4. 
Proof. Similar to the proof of Lemma 14.81 □ 
Lemma 4.14. M^ R {R,9,') x R a * \og{R) as R—> oo. 

Proof. Similar to the proof of Lemma 14,91 □ 
Combining Lemmas 14. 131 and 14, 141 we obtain the upper bound in Q4.4|) . 

4.3 Auxiliary linear equation 

In this subsection we consider the inhomogeneous linear equation 

(417) ~ Aw — ^T w = W^W¥\ m c8 ' 

where a* = ^=f, a > 0, p > exp(l) and < ^ 6 C 6 °°(^). 

Lemma 4.15. Equation (|4,17|) /ias no positive super- solution for a < 1. 

Proof. Without loss of generality we may assume a = 1. For each > /> we are going to 
construct a barrier uy,^ > that solves the problem 



(418) " A "-^^ = R^MoFR' WeH ^ » 



and blows up on a fixed compact K C Cq as -R — > oo. Then by Lemma I A. 81 

u > w^^r m Cq . 

Therefore we conclude that u = +oo in K, which is a contradiction. 
To construct such uy,^, consider the boundary value problem 



( 4 - 19 ) ~r& ~ ~~~ r l'k ~ % k + %k = ^J log a (r y v0>) = v(R) = 0, 



where 5^ := yJXk — Ai, and /c E N. For k = 1, the solution to (|4.19f) is given by 
«i, j r(?') = r Q * (Ai,r + B ltR log(r) + log(r) log log(r)) , 
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where 



log(#)log(p)(loglog(p) - log log (i?)) log(i?)loglog(i?) - log(p) log log(» 
A l,R = 1 _ 777v\ — T~rr~\ > = 



log(-R) - log(/o) 
For every fixed tq > p, one sees that 

(4.20) ^(ro^loglogOR) as R - oo. 

For k >2 the solutions to Q4.19JI can be represented as 

»7 fc p(r) = A k nr a * + B kA r a t + r/ k (r 



log(jR) - log(p) 



where 



.4 



fc,H 



# Qfe % (p) - % (i?) iT* rj k (p) - p a * r] k (R) 



R a k p a k - R a k p ° 



and 
(4.21) 

It is easy to see that 
(4.22) 



Vk{r) := — [r h 



oo j.-8 k -l 



log CT (t) 



+ r~ 



r A- 1 
log CT (i) 



< ??fc < 



^log» 



V/c > 2. 



Moreover, r] k (r) = 0{r a * log CT (r)) as r — > oo. 
Represent ip = Ylk^l ^k^k as in l)4.1jl . and set 



(4.23) 



k=l 



It is easy to see that the series converges in Hq(Cq' R ^) and uy,,_R solves (|4.18|) . Fix a compact 
K C Cq. By Lemma 14. II and in view of l|4.22|) . we conclude that 



sup 

K 



^2 Vk,n4> 



k9k 



k=2 



< c sup 



with constants c, c\ > that do not depend on R. Therefore 

inf w^ t R ~ inf {?7i,i?V 7 i0i} ~ log log (i?) — > oo as i? — > oo, 
by (|4.20|1 . and the assertion follows. 



□ 



Remark 4.16. The value of a = 1 in the above Lemma is sharp. When a > 1 it is not difficult 
to construct solutions to Q4.17JI in the form (|4.23j) with 



?7l(r) :-- 



r Q * log 2 - CT (r) 



-(o- 2 -3a + 2) 

and rj k (r) as in (|4.21|) . Alternatively, if a > 3/2 then Hardy's inequality ()3.2|) implies that the 
quadratic form corresponding to (|4.17f) satisfies the A-property with X(x) = . .J. '\. . . Further, 

I a; I log \x\ 

|x| a *" 2 log~ CT \x\ G L 2 (\~ l dx) for any a > 3/2. Thus Lemmas [Ql and [Ol imply that (jgJBJ) 
has a positive solution in Dq(Cq). 
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5 Proof of Theorem 12. 2L superlinear case p > 1 

We consider separately the cases fj, < Ch + Ai and [i = Ch + Ai. 
5.1 Case \i < Ch + Xi 

Nonexistence. First we prove the nonexistence of super-solutions in the subcritical case, i.e. 
for (p, s) below the critical line A*. 

Lemma 5.1. Let p > 1 and s < a~(p — 1) + 2. Then (|2.1j) has no positive super- solutions in 

Proof. Let w > be a super-solution to (|2.1|) in Cq. Then w is a super-solution to the linear 
equation 

(5.1) -Aw - -4w = in Ck. 

\x\- 

Choose a proper subdomain Q! <s Q. Then, by Theorem 14. 2\ there exists c > such that 

m w (R,n') > cR a ~ (R>2). 
Linearizing (|2.1|) and using the bound above, we conclude that w > is a super-solution to 

(5.2) -Aw - -^w - = in C%, 

where V(x) := Cw p ~ 1 \x\ 2 ~ s satisfies 

V(x) > cP-1| x |«-(p-1)+(2-s) in d,. 
Then the assertion follows by Corollary 13.21 □ 

Now we consider the critical case when (p, s) belongs to the critical line A*. 
Lemma 5.2. Let p > 1 and s = a~(p — 1) + 2. Then (|2.1j) has no positive super- solutions in 

Proof. Let w > be a super-solution to (|2.1[) in Cq. Choose a proper subdomain 0' (s f2. 
Arguing as in the proof above we conclude that w is a super-solution to 1)5. 2 j) with V(x) := 
Cu; p-1 |x| 2 ~ s > 5 in Cq,, for some 5 > 0. Thus w is a super-solution to the linear equation 

(5.3) -Aw - ^j^-w = in &, 

\x\ z 

where W{uj) := /i + £Xfi'> with a fixed e £ (0,5]. By the variational characterization of the 
principal Dirichlet eigenvalue of — A w — fi — e\n' on Q and since // < C# + Ai, one can choose 
a small e > so that Ch + Aiy,i > 0. Applying Theorem 14.21 to (|5.3|) we conclude that 

m w (R,n') > cr a ^, R>4, 
with ai < a wi < a *- Therefore w > is a super-solution to 

a ^ n • ^4 

-Aw - ■ — prw j — pr-w = U m Cn/, 

where V"(x) := Cw p ~ 1 \x\ 2 ~ s . Therefore 

V(x)>C<f~ 1 \x\ a ^ {p - 1)H2 - s) in 
with cXwiiP — 1) + (2 — s) > 0. Then the assertion follows from Corollary 13.21 □ 
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Existence. Let p > 1 and s > a 1 (p — 1) + 2. Choose a € {a 1 , ) such that a < ^y. Then 
one can verify directly that the functions 

w := rr a (f)i(uj) 

are super-solution to (|2,lj) in Cq for sufficiently small r > 0. In the case p = 1 and s > 2 one sees 
that for any a £ (a]~,a^~) the function ro is a super-solution to (|2.1j) in with a sufficiently 
large /)>1. 

5.2 Case /i = C# + Ai 

Nonexistence. The proof can be performed in one step for both subcritical and critical cases. 
Lemma 5.3. Let p > 1 and s < a*(p — 1) + 2. T/ien (|2.1|) has no positive super-solutions in 

Proof. Assume that w > is a super-solution to (|2.1[) in C^. Then w is a super-solution to 

+ Ai : 
—I\w j — ^5 — w = U m Co- 

\x\ z 

Choose a proper subdomain f2' d f2. Then by Theorem 14.21 

m w (R,n')>cR a % R>2. 
Linearizing (|2.1|) and using the bound above, we conclude that w > is a super-solution to 



(5.4) -Au> , , 9 w - -rr/^ = in Ch, 

\x\ z \x\ z 

where W(x) := Cw p ~ 1 \x\ 2 ~ s > c in Ck,. Then the assertion follows from Corollary IH.2I □ 

Existence. Let p > 1 and s > a*(p — 1) + 2. Choose /? € (0, 1). Then one verifies directly 
that the functions 

w := rr a * log^(r)0i(a;) 

are super-solution to (|2.1() in Cq for sufficiently small r > 0. In the case p = 1 and s > 2 one 
has to choose p> 1 sufficiently large. 

6 Proof of Theorem 12. 2L sublinear case p < 1 

As before, we consider separately the cases \i < Ch + Ai and fi = Ch + Ai. First, we sketch the 
proofs of two auxiliary lemmas. 

Lemma 6.1. Let p < 1. Let w > be a super- solution to (|2.1|) in Cq. Then for each proper 
subdomain Q' <s= £/iere exists c > swc/i 

(6.1) m m (i?,0') > ci?T=i, i?>l. 
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Proof. Let w > be a super-solution to (|2.1|) . Then —Aw > in Cq and, by the weak Harnack 
inequality (see, e.g. [201 Theorem 8.18]), for any s > and for any compact K C Cq there 
exists c > such that 

(6.2) supuT 1 < c ( R ~ N J w~ s dx\ ' . 
Further, it follows from Lemma lA.91 that 

(6.3) / \V V \ 2 dx-^ ! r^dx>C f ^— tp 2 dx, € H^(Cq) Pi H%°(Cq). 



Fix a proper subdomain O' <s f2. Choose ^ E C^°(0) such that ip = 1 on O'. Choose R (r) E 
Cc'^l^oo) such that < R < 1, = 1 for r € [U/2,ii], Supp(6 R ) = [R/4,2R] and 
|V0ji| < c/R. Then 



(6.4) / \V(9 R iP)\ 2 dx -n I ^j-dx < cR r 



r 1 Ir 1 \x\ 

'-si u n ! 



On the other hand, 



(6.5) / (9 R xfj) 2 dx > / ^-—dx > R- s / w^dx. 

/ r i X s ~ r W2,R) \x\ s ~ r (R/2,R) 

JL si> 1 1 ■"'tv 1 1 •""si' 

Combining (|6.3[) . (|6.4() and (|6.5f) we derive 

r (R/2,R) 

JL n> 

By (|6.2j) we obtain 

cR^>\R- N [ w- (1 - p) dx) >ci sup uT 1 . 

\ Si / Ojy 

Hence the assertion follows. □ 

Lemma 6.2. Leip < 1, /i < Cjy+Ai and s E K. Assume that (12.1(1 /ias a positive super-solution 
in Cq. Then there exists a positive solution to (|2.1|) in Cq. 

Proof. Let w > be a super-solution to (|2.1j) in Cq. Then, by Lemma 14.61 or 11.111 w > cv^ 
in Cq, where v^p is a comparison function defined by (|4.8|) or 1)4. 14j) . Obviously, v% > is a 
sub-solution to (|2.1() in Cq. Thus we can proceed via the standard sub and super-solutions 
techniques to prove existence of a solution to 1)2.1)1 in Cq, located between cv^, and w (cf. |25) 
Proposition 1.1 (hi)]). Finally, after a suitable scaling we obtain a solution to 1)2.1)1 in Cq. □ 

6.1 Case fi < C H + Xi 

Nonexistence. We distinguish between the subcritical and critical cases. When (p, s) is below 
the critical line, the proof of the nonexistence is straightforward. 

Lemma 6.3. Let p < 1 and s < af(p — 1) + 2. Then (|2.1j) has no positive super-solutions in 
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Proof. Let w > be a super-solution to H2.ll) . Then u; is a super-solution to the linear equation 



(6.6) -Aw - = in Ch . 

\ x \ 

Choose a proper subdomain tt' <<= il. By Theorem 14.21 we conclude that 

(6.7) m w (R,n f ) < cR a l , # > 1. 

This contradicts to Ijfi.lj) . □ 

Next we consider the case when (p, s) is on the critical line, and hence 1)6. 7 Jl is no longer 
incompatible with (j6,ll) . 

Lemma 6.4. Lei p < 1 and s = af(p — 1) + 2. Then ()2.1j) /ias no positive super-solutions in 

Proof. Let w > be a super-solution to 1)2.1)1 , According to Lemma 16.21 we may assume that 
w is a solution to ()2.1j) . Choose a proper subdomain f2' <s 17. Linearizing (|2,lj) and using the 
upper bound 1)6. 1|) we conclude that if > is a solution to 

(6.8) -Aw - -^w - t^Sw = in CA, 

where V(x) := c p ~ 1 \x\ 2 ~ s w p ~ 1 satisfies V{x) < c\ in C^, with a fixed pi 3> 1. This implies, 
in particular, that w satisfies strong Harnack's inequality with r-independent constants. More 
precisely, for a given subdomain Q," (e Q! one has 

(6.9) M W (R, n") < C s m w (R,n"), R > p, 

where C s = C s (0") > does not depend on R S> p. Using H6.9|) and the upper bound ()6.7)1 we 
conclude that 

(6.10) M w (R,n") < c 2 R a t, > p. 

This implies that V(x) > 5 in Cq„, for some 5 > and P2^> Pi- Hence w > is a super-solution 
to the linear equation 



(6.11) -Aw- ] ^^w = mCg, 



where W e {u>) := p + £Xf2"> with a fixed e G (0,5]. By the variational characterization of the 
principal Dirichlet eigenvalue of — A w — W £ on and since p < Ch + Ai, one can choose a small 
e > such that Ch + <W ei i > 0. Applying Theorem 14.21 to (|6.11|) we conclude that 

(6.12) m w (R,n') < c 2 R a w.,i. 

with a^y 1 < af . Now (|6,12|) contradicts to upper bound (|6~Tj) . □ 
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Existence. Let s > a±(p — 1) + 2. Assume that < p < 1. Choose a G (a 1 ,ccf) such that 
a > ■ Then there exists a unique bounded positive solution to the problem 

-A u <f>-{a(a + N-2)+fji)<j>=l, 4> G Hq(Q). 
Further, a direct computation verifies that the functions 

w := rr a (j)(uj) 

are super-solutions to H2.ll) in for a sufficiently large r > 0. 

Now assume that p < 0. Choose a as above, so there exists a unique bounded positive 
solution of the problem 

-A^ - (a(a + iV - 2) + fi)(4> + 1) = 1, <f) G 

Then 

w := Tr a (j)(u;) 

are super-solutions to (|2.1j) in for sufficiently large r > 0. 
6.2 Case (i = C H + Xi 

Nonexistence. The proof is straightforward for (p, s) below the critical line A. 

Lemma 6.5. Let p < 1 and s < a*(p — 1) + 2. Then (J2.1JI /ias no positive super- solutions in 

Proof. Let w > be a super-solution to (|2.1j) . Similarly to the proof of Lemma l6.3[ by Theorem 
14.21 we conclude that for a proper subdomain D,' (e tt, 

(6.13) m w (R, n') < cR— log(R), R » 1. 

This contradicts to the upper bound (|6.1j) . □ 

When (p, s) belongs to the critical line A inequality (|6.13|) is no longer incompatible with 
»■ 

Lemma 6.6. Let p G [—1, 1) and s = a*(p — 1) + 2. T/ien ()2.1|) /ias no positive super- solutions 
in C^. 

Proof. Let w > be a super-solution to (|2.1|) . If p G [0, 1) then the lower bound (j6.1j) implies 
that w is a super-solution to 

( 6 - 14 ) " Auj \^ W = J^: m 

with some tp G C^?°(r2) and p' > p. From Lemma l4.15| it follows that (|6.14j) has no positive 
super-solutions. 

Let p G [—1,0). According to Lemma 16.21 we may assume that w is a solution to 1)2. 1|) . 
Similarly to the proof of Lemma l6.41 for a proper subdomain Q' (s O and a function ?/> G C^°(£l') 
we conclude that w > is a super-solution to the linear equation 

(6.15) — Au> --7s — to = ■ — 7-—- m Co, 

V ; \x\ 2 \x\ 2 ~ a * \og~ p \x\ n 

for some p' > p. Then the assertion follows from Lemma 14.151 □ 
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Existence. In the critical case p = Ch + Ai positive super-solutions to ()2.1|) with p < 1 can 
not be constructed as "pseudo" -radial functions of the form u = v(r)(p(uj) > 0, as the following 
proposition shows. 

Proposition 6.7. Let u = v(r)(p(u) > be a super-solution to 

(6.16) -An - Ch + 2 Xi u = in Cft. 
Then u = v(r)<j)\{tjj) , where v is a super- solution to 

(6.17) T v > in (p,oc). 

or L r or r z 

Proof. Let u = v(r)(p(uj) > be a super-solution to (|6.16|) . Then 

v > <p + {(-Au - Xtftp} -= > m 



Separating the variables and using Barta's inequality (see Lemma lA.9 

r. (-Aq, - \i)(p \ ^ n 

sup < mi > < 0, 

we obtain 

<*, C g 1 > _r (-A„-A lV 



u ar z r or r z J (^en 99 J 

On the other hand, the one-dimensional Hardy's inequality implies that the inequality 

d 2 v N-ldv C H ^ v 



v > e-^ in (p, 00) 



has a positive solution if and only if e = 0. Hence 

mf t^LZ^P = 0, 

and therefore, 99 = <\>\. We conclude that u must be of the form u = v(r)<j)\(u)) , where t> is a 
super-solution to 1)6. 17|) . □ 



It is easy to see that if Q <s= S^ -1 is a proper subdomain of the sphere then equation ()2.1)) 
with p < 1 does not admit positive super-solutions of the form v(r)(f)i(u). Nevertheless, for 
(p, s) above the critical line A we prove the following. 

Lemma 6.8. Let p < 1 and s > a*(p — 1) + 2. T/ien i/iere exists a positive super-solution to 

(EH). 

Proof. Given e £ (0, 1/4), cr > 3/2 and p > exp(l), consider the problem 



(6.18) -Aw - — ^ ~tr. Xl w - , lo £ o , : W = 1 rrj ~~~ — t-j— r , ueP(fy,fi). 

M 2 |x| 2 log 2 |x| |x| 2 " a * log' 7 |x| 
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It follows from Hardy's inequality (|3.2|) that the quadratic form that corresponds to (|6. 18|) 
satisfies the A-property with \(x) = , , . Further, |x| a *~ 2 log _<T \x\ £ L 2 (A~ 1 da;). Thus 

Lemmas IA.3I and IA.4I imply that (|6.18|) has a unique solution w ff > 0. Choose (3 > a and set 



\x\ 

Wo + 



log 13 \x\ 
Then 

Ch + Ax e \ = ^_(^ X 1 (3(l + f3) + e \ , 

\x\ 2 \x\nog 2 \x\J ' 7 \x\ 2 ~<** \log°\x\ \ogP\x\ log^ +2 |x| y - n ' 

for some p' 3> p. Set 5 := s — a*(p — 1) — 2 > and choose r = t(5) > such that 



C . xo , Crf" 1 log^( 1 -f)+ 2 Ixl e e 

] \z{ tv <t) < rrs rr^; — m - v^~^ — rr 

\X\ S £\X\° |x| 2 log \x\ |x| 2 log \X 



Then 



f-A - ° H . + Xl ) (tv.) > £ 2 (t^) > ^(r^r 1 ^) = T^(r^)P in C&', 
V M / |x| 2 log |x| |x| s 



that is Tv a > is a super-solution to (|2.1j) in Cq . □ 

In the case of exterior domains, the existence of positive super-solutions on the critical line 
A for p < —1 is elementary observed. 

Lemma 6.9. Assume that Q = S N ^ . Let p < — 1 and s = a*{p — 1) + 2. Choose (3 £ (jz^> !)• 
TTien 

f := r|x| a * log^ 3 |x| 
is a super- solution to (|2.1j) in /or sufficiently large r > 0. 

Proof. The direct computation. □ 

In the case of proper domains f2 <s= S 1 ^ -1 , the existence (or nonexistence) of positive super- 
solutions to (|2.1|) with p < — 1 and s = a*(p— 1) + 2 becomes a more delicate issue that remains 
open at the moment. The analysis of the decay rate of super-solutions to ([6.16ft near the lateral 
boundary of the cone should be invoked. We will return to this problem elsewhere. 

A Appendix 

Let Ey be a symmetric bilinear form defined by 

£ v (u,v) := [ Vu-Vvdx- [ Vuvdx (u,v € H^(G) D L™(G)), 
Jg Jg 

where G C is a domain and < V £ L\ oc (G) a potential. Below we present several facts 
concerning the relations between the positivity of the form Ey and the existence of positive 
(super) solutions to the linear equation 

(A.l) (-A-V)v = f in G, 
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associated with £y, where / G Lj oc (G). A super-slolution to (|A.1|) is a function u G Hl oc {G) n 
L} oc {G,Vdx) such that 

(A.2) / Vu-V^cfa- / Vu^dx> [ ftpdx, V < tp G H*(G) n L™{G). 
Jg Jg Jg 

The notions of a sub-solution and solution are defined similarly by replacing ">" with "<" and 
"=" respectively. Most of the results below are known from the theory of Dirichlet forms (cf. 
[TH IT%] ) and Agmon's criticality theory (cf . [21 E] ) • We include the proofs for the completeness 
and reader's convenience. 



Extended Dirichlet Space. Assume that the form £y is positive definite, that is 
(A.3) £ v (u,u)>0, VO^ueHl(G)nL™(G). 

Following Fukushima ^Bl p. 35-36], denote by V(£y,G) the family of measurable a.e. finite 
functions u : G — > M such that there exists an £y-Cauchy sequence (u n ) C H}.(G) n L£°(G) 
that converges to u a.e. in G. This sequence (u n ) is called an approximating sequence for 
u G V(£y,G). Then the limit £y(u,u) := limn^oo £y (u n , n n ) exists and is independent of 
the choice of the approximating sequence. Thus £y is extended uniquely to a nonnegative 
definite bilinear form on D(£y, G). The family T>(£y, G) is called the extended Dirichlet space 
of £y. It is not a Hilbert space, in general. However, T>(£y, G) is invariant under the standard 
truncations. 

Lemma A.l. Let u G V(£y,G). Then u + = u VO G V(£y,G), u~ = -{u AO) G V(£y,G) and 



(A.4) fy^u*) < V-u G V(£y, G). 

Ifu,ve V(£ V ,G) then u V v,u Av G X>(£y,G). 

Proof. Assume tt G n Lf(G). Then u+ G H\{G) n By the direct computation 

we have 

£y(u + , u + ) + £y(u~ , u~) = £y(u, u). 

Hence ()A.4|) follows by (|A.3|) for any u G (G) C\ (G) , and, then, for arbitrary u G £>(£y, G) 
by a standard approximation argument. □ 

Remark A.2. We do not claim that u G £>(£y, G) implies u A 1 G 2?(£y , G). 

Following El, we say that the form £y satisfies the \~property if there exists a function 
< A G L} oc (G) such that A -1 G L% C (G) and 

(A.5) £ v (u,u)> [ u 2 X(x)dx, V it G iZ^G) n Lf{G). 

Jg 

If £y satisfies the A-property then the extended Dirichlet space T>{£y,G) is a Hilbert space 
with the inner product <?y(-, •) and the corresponding norm || • \\x> = y£y(-, •). Clearly 

F C X (G) nZ^°(G) C V(£ V ,G) C #/ oc (G) and V{£ V ,G) C L 2 (G,A<ix). 

By P'(£y, G) we denote the space of linear continuous functionals on D(£y, G). The following 
lemma is a standard consequence of the Riesz Representation Theorem. 
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Lemma A. 3. Assume that £y satisfies the X-property. Let I £ D'(£y,G). Then there exists a 
unique 0* £ T)(£y,G) such that 

(A.6) £ v (<f>.,(p) = l(tp), Vip£V(£ v ,G). 

Let V'(£ V ,G) := {/ £ L l loc {G) : J G f^dx < c\\<p\\ v , Vtp £ H l c {G) n L?(G)}. It is easy to 
see that 

L 2 (G,A^dx) C V'{£ V ,G). 

Clearly T>'(£y,G) can be identified with a linear subspace of T>'(£y,G). Thus Lemma IA.3I 
implies that for any / £ T>'(£y, G) the problem 

(A.7) (-A-V)u = f, u£V(£ v ,G), 

has a unique solution. 

Maximum and comparison principles. Consider the homogeneous equation 
(A.8) (-A-V> = in G. 

We present weak maximum and comparison principles for solutions and super-solutions of (|A.1|) 
in a form suitable for our framework. 

Lemma A. 4. Assume that £y satisfies the X-property. Let w £ Hj- (G) be a super- solution to 
fOj) such that w~ £ V{£y, G). Then w>0inG. 

Proof. Let (ip n ) C H^{G) n L£°(G) be an approximating sequence for w~ £ V(£y,G). Set 
w n := ip^ AC Hence < w n £ D(£y,G), by Lemma TA. II Note that w n = w~ + (99+ — w~)~ . 
Therefore 

£y{w~ - w n ,w~ - w n ) = £v({<fi ~ w~)~, - w~)~) < £y{<p n - w~ ,cp n - w~) -> 0. 

Thus (w n ) is a nonnegative approximating sequence for w~. Since w + Aw„ = 0, we obtain 

< £y(w, w n ) = —£y(w~,w n ) — > —£y(w~,w~) < 0. 

We conclude that w~ =0. □ 

Remark A. 5. Note that if u > is a super-solution to ()A.8|) then — Au > in G. Hence, by the 
by the weak Harnack inequality, u > in G. 

Remark A.6. If £y satisfies the A-property then Lemmas I A . 31 and I A . 41 imply that equation (jA.8|) 
has a rich cone of positive super-solutions. Indeed, if < / £ V'(£v,G) and (/>* £ V(£y,G) is 
the solution to (|A.7|) then > in G. 

The following comparison principle is a straightforward consequence of Lemma IA.4I 

Corollary A.7. Assume that £y satisfies the X-property. Let w £ H} (G) be a super- solution 
to (|A.8|) and v £ Hl oc {G) be a sub-solution to (|A.8|) such that (w — v)~ £ T>(£y,G). Then 
w > v in G. 

A version of the comparison principle below plays a crucial role in the analysis of asymptotic 
behavior of super-solutions to (|3.1j) in Section 

Lemma A.8. Assume that £y satisfies the X-property. Let < w £ Hf oc {G), v £ V(£y,G) 
and w — v be a super-solution to equation (|A.8|) . Then w > v in G. 
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Proof. Let (G n ) be an exhaustion of G, i.e. an increasing sequence of bounded smooth domains 
such that G n m G n+1 m G and UG n = G. Note that A -1 G L°°(G n ) and therefore V(£y, G n ) = 
H(j(G n ). Clearly iT^Gn) is a closed subspace of V(£y,G). 
Let veV(£ v ,G). Let / G X>'(£y, G) be defined by 

:=£y(w»¥>), (pGP(£y,G)). 
By Lemma lA.31 there exists the unique v n G -ffg(G n ) such that 

Thus 

(-A-K)(v-w n ) = in G n , 

and hence 

(-A-K)(«;-«„)>0 in G n , 

with to — v n G Hl oc (G n ) and < — t> n )~ < w+ G Hq(G h ). Corollary IA.7I implies that v n < w 
in G n . 

Let v n denote the extension of v n to G by zero. Clearly v n G T>(£y,G). To complete the 
proof it suffices to show that v n — ► u in T>{£v, G). Indeed, by the construction of u n we obtain 

£y(v n ,v n ) = f{v n ) < \\f\\v'\\v n \\v- 

Hence the sequence (v n ) is bounded in V(£y,G). Thus there is a subsequence, which we still 
denote by (v n ), that converges weakly to v* G V{£y,G). Now let ip G H^(G) n L£°(G). Then 
y G H^Gn) for all n G N large enough, and 

£V(*>n,<p) = /(</>). 

Passing to the limit we conclude that 

£ v (v*, ip) = f(ip), Vp G Hl(G) n L?(G), 
and therefore = v. Furthermore, 

£y(v n -v,v n -v) = f(v n ) - 2f(v) + f(v). 
Since f(v n ) — ► f(v), it follows that v n — ► w strongly in X>(£y, G). □ 

Ground state transformation. If £y satisfies the A-property, then equation (|A.8|) has a 
rich cone of positive super-solutions, see Eemark IA.6I One can show that (|A.8|) has a positive 
solution if £y is positive definite (but may not satisfy the A-property, cf. [2J Theorem 3.1]). 
Below we prove the converse (cf. j2j, ^3] for the ground state transform, [3] for the Picone 
identity, [SSj for the /i-transform) . 

Lemma A. 9. Let < <fi G H} oc (G) be a (super) solution to the equation 
(A.9) {-A-V)<j) = f in G, 

where < / G Lj (G). Then the form £y is positive definite in the sense of ()A.3|) . Moreover, 

(A.10) T>(£ V ,G) 3 - G H l (G,(t) 2 dx) 

9 

and 

(A.ll) £ v (u,u)(>)= J \V (^J\ 2 2 dx + J u 2 tdx, VueV(£ v ,G). 
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Proof. Let u G H l c {G) n L™(G). Then := ^ e Hl(G) n Lf(G). Testing (TOl) against p we 
arrive at 

2 / uVu^dx(>) = / u 2 ^^dx+ / yu 2 cte+ / ^u 2 da;. 

<P Jg Jg 9 

Direct computation gives that 

J {\Vu\ 2 -Vu 2 )dx- J \v[^\\ 2 (f> 2 dx 

- I (|V«|> - ^) * - / o ( ™! - 2UVU ^ + 

= 2 [ uVu^dx- [ u 2 ^^dx- [ Vu 2 dx{>) = f u 2 ^-dx. 
Jg 9 Jg 9 Jg Jg 9 

This proves (|A.11|) on H^(G) D L£°(G) and implies, in particular, that u) > on H^(G) D 

L^°(G). Therefore the extended Dirichlet space V(£y,G) is well defined. 

Let it G T>{£y, G) and let (</? n ) C H^(G)nL^(G) be an approximating sequence for u. Then 
ii n := — u V <p n A u G H\(G) Pi L£°(G) is also an approximating sequence for u (cf. proof of 
Lemma I A, 4|) . and 

\ |2 j.2 j„ ^\ _ c/„, „, \ /" „,2 / j_ , £.../-.. „,\ /" „,2 / 



< / I V ( — J I dx (<) = £v(un, u n ) — I u n — dx^> £y(u, u) — I u —dx. 
J G \ t / J G t JG Y 

Hence the assertion follows by Fatou's Lemma and, in the case of equality, by standard continuity 
arguments. □ 

The following straightforward corollary of Lemma IA.9I is crucial in our analysis of nonexis- 
tence of positive solutions to semilinear equation (|2.1|) . 

Corollary A. 10. Assume there exists u G H\{G) n L£°(G) such that £y(u,u) < 0. Then 
equation (|A.8J) has no positive super-solution. 

Another interesting application of the ground state transformation is Barta's inequality. 

Corollary A. 11. (Barta's inequality) Assume that £y is positive definite. Then for every 
< 4> £ HioJyG) such that (—A — V)4> G Lj oc (G) the following inequality holds 

(A . 12) inf (- A 7^< ,„( 

xeG (f) o^«gg c °°(g) ||m||^ 2 

Proof. Set / := (—A — V)0. We may assume / > in G (otherwise ()A.12|) is trivial). Then 
Lemma lA.91 implies that 



/ \Vu\ 2 dx- [ Vu 2 dx> f u 2 tdx> inf L [ u 2 dx, \/u G Hl(G) n L°°(G). 
Jg Jg Jg 9 xea^JG 

So, the assertion follows. □ 

Remark A. 12. Note that if —A — V admits a principal Dirichlet eigenfunction <pi > in G, 
then the equality in (|A. 12j) is attained with <f> = 
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